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Abstract. Let S — K[xi, . . . , Xn] be a polynomial ring in n variables over a field K. 
Stanley's conjecture holds for the modules / and S/I, when / C 5 is a critical monomial 
ideal. We calculate the Stanley depth of S/I when / is a canonical critical monomial 
ideal. For non critical monomial ideals we show the existence of a Stanley ideal with the 
same depth and Hilbert function. 

1. Introduction 

Let S = K\ xi, . . . , Xn] be a polynomial ring with standard grading over a field K . Let 
M be a finitely generated Z^-graded 5-module. Any decomposition of the module M 
as a finite direct sum of Z"-graded -fC-subspaces of the form uK[Z], where each uK[Z] 
is a free -fr[Z] -modules, is called a Stanley decomposition of the module M. In other 
words, a Stanley decomposition of M has the form T> : M = ^l^iUiK[Zi], where the 
Ui G M are homogenous elements and each Zi is a subset of {xi, . . . The number 

sdepth(I?) = min{|Zj|, i = 1,2, ... ,r} is called the Stanley depth of the decomposition 
v. The Stanley depth of the module M is defined to be sdepth(M) = max{sdepth(I?) : 
T> is Stanley decomposition}. 

In [8] Stanley conjectured that sdepth(M) > depth(M). We call / a Stanley ideal, if 
Stanley's conjecture holds for S/I. There are not many known classes of Stanley ideals 

m- 

Let I C S" be a monomial ideal. We denote by G{I) the unique minimal monomial 
system of generators of / and Hg/j the Hilbert function of the quotient algebra S/I. 
Consider the lexicographic order <iox on 5 induced by the ordering xi > X2 > ■ ■ ■ > Xn 
of the variables. A lexsegment ideal is a monomial ideal I such that for a monomial u G I 
and for a monomial v € S with deg u = deg v and v >iex u, one has v £ I. A lexsegment 
ideal / is called a universal lexsegment ideal if I is a lexsegment ideal in iir[xi, • • • , s^j^-i-jfi] 
for any natural number m > 0. 

Recall that for any graded ideal I C S, there exists a unique lexsegment ideal, denoted 
by such that S/I and S'//''^^ have the same Hilbert function. Hibi and Murai [4J call 
a monomial ideal / critical if /'^^ is universal lexsegment. 

Let mi,m2, . . . ,mt G Mon(S') for 1 < i < n where nii € K[xi,Xi^i, . . . ,Xn] and 
deg nit > 0. Then we define the ideal 

(1) I{mi,m2,...,mt) = (xinii, X2mim2, Xt-imim2 ■ ■ ■ mt-i,mim2 ■■■mt) 
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In analogy to the definition of Hibi and Murai [5| we call a monomial ideal canoni- 
cal critical, if it is of the form I(mi,m2,...,mt)i up to the permutation of variables. By O 
Theorem 1.1] canonical critical ideals are critical. In Lemma l2.ll we show that Stanley's 
conjecture holds for / and S/I. For a canonical critical monomial ideal / we calculate the 
Stanley depth of S/I (Theorem 12. 2p and obtain a Stanley decomposition (Theorem 12. 5p 
which exactly gives the Stanley depth of S/I. We also show that for a canonical critical 
monomial ideal one has sdepth(/) > 1 + sdepth(S'//), thereby giving in this special case 
an affirmative answer to a question raised by Rauf in [7] . In Proposition 12.61 we show that 
for each non critical monomial ideal I there exists a Stanley ideal which has the same 
depth and Hilbert function as the ideal I. 

Acknowledgements. The authors like to thank Professor Jiirgen Herzog for his valu- 
able suggestions which improves the final form of the paper. 

2. Stanley depth and Critical Monomial Ideals 

First we show that the Stanley conjecture holds for modules / and S/I, when I is 
critical monomial ideal. 

Lemma 2.1. Let I C S be a critical monomial ideal. Then 

(i) sdepth(5//) > depth(5//); 

(ii) sdepth(/) > depth(I). 

Proof, (i) If I C 5 is a critical monomial ideal, then depth(5//) = n — \G{I)\ (see [H 
Theorem 1.6]) and for any monomial ideal I, sdepth(S'//) > n — |G(/)| (see [2^, Proposi- 
tion 1.3]). 

(ii) follows from the fact depth(/) = l-|-depth(5//) and sdepth(/) > max{l,n — |G(I)|-|- 
1} (see [3, Proposition 3.4]). □ 

We show that the equality holds in (i) of Lemma 12.11 for canonical critical monomial 
ideals. 

Theorem 2.2. Let I C S be a canonical critical monomial ideal. Then sdepth(iS'/I) = 
depth(5//) = n-\G{I)\. 

Proof. If / be a canonical critical monomial ideal, then 

/ = {ximi,X2mim2, . . . , Xt-imim2 ■ ■ ■ mt-i,mim2 ■ ■ ■ mt), 

where for 1 < t < 7Z, TTii is Si inonomia,! belonging to K\xi^ x^-j-i, • • • , ] and degmt > 0. 
We set Si = K[ Xi, Xj-i-i, . . . , Xn] and for 1 < i < i — 1 we define the ideals 

Ii = {ximi,Xi+imimi+i, ... , Xf_imjmj+i • • • mi_i, mjmj+i • • • mt), 

and 

I- = {xi,Xi+imi+i, xt„imj+imi+2 . . . mt-i,mi+imi+2 ■ ■ ■ mt)- 
Moreover, we set Ij- = {mt). 

Then S = Si, I = Ii, Ii = mil'- and I'- = {xi,Ii+i). The ideals Ii, I[ and I[ are critical 
monomial ideals in Sj = [xj,Xjj^i, . . . , x^] for each 1 < j < i. 

By [21 Proposition 1.3] and the fact that gcd{n|u G G{I)} = mi, we have sdepth(5'//) = 
sdepth(5//(), and further sdepth(5'//() = sdepth(52//2)) since S/I'i = S2/I2- Hence we 
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conclude that sdepth(S'//) = sdepth(52//2)- Continuing in this way we get sdepth(S'//) = 
sdepth(S'j//^') = n — |G(/)|. The last equation follows since I[ = {nit) is a principal 
monomial ideal, and since t = (see [51, Corollary 2.3]). □ 

Corollary 2.3. Let I is a canonical critical monomial ideal. Then 

sdepth(/) > 1 + sdepth(S'//). 

Proof. If / is a canonical critical monomial ideal, then by using [3, Proposition 3.4] we 
have sdepth(/) > n — \G{I) \ + 1, and the assertion follows from Theorem 12. 2[ □ 

For a canonical critical monomial ideal /, the following decomposition is obtained from 
[3 Lemma 2.2]. 

Lemma 2.4. As a vector space over K the canonical critical monomial ideal I is the 

t-i j t 
direct sum 1=0 Xj{ H mk)K[xj,Xj+i, ...,Xn\® H mkK[xt, . . ■,Xn]. 

j=l k=l k=l 

Using the decomposition in Lemma 12.41 we will give an explicit Stanley decomposition 
of S/I which in fact gives the Stanley depth. 

Let Si = K[xi, . . . , Xn] and rui G Si with degmj = di for 1 < i < t < n. We define for 
any monomial m ^ S a positive number v{m) = mm{k \ Xk divides m} and monomials 
'Wi(d+i) = , where wn = rrii, 1 < d < di — 1 and 1 < i < t. For monomial rrij we 

have rrii = Y\ Xv(^Wi-)- Finally, by using the monomials Wid, we define Uij = Y\ ^v(wi^:) 

j=i k=i 
with Uii = 1 and Zij = {xi,Xi+i,. ..,Xn}\ 

With the notation introduced we have. 

Theorem 2.5. Let I = I(mi,m2,...,mt) be a critical monomial ideal. We set ni = 1 and Ui = 
mim2 • ■ ■ rrii^i for i = 2, . . . ,t. Then for S/L we have the following Stanley decomposition 

t di 

P : 5// = ^ ^ UijniK[Zij\ with di = deg(mi). 

i=l 3=1 

Moreover we have sdepth(P) = sdepth(S'//). 

Proof. We decompose Si for the variable Xy(^^.^^ = Ui2, 

Si = K[Zii] x^(^^j)S'j. 
Again for we decompose Si in the above equation. 

Si = K[Zii] x^(w.-^-)K[Zi2] Xt,(^.j)2;„(tj,^2)5'i 
= UiiK[Zii] e Ui2K[Zi2] UisSi. 

di 

We know that = ^v(wi )^ so continuing in this way we obtain 

di 

(2) 5"^ = ^ Uijk[Zij] niiSi. 
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iSi for l<i<t — 1, it follows from ([2]) that 

di 

(3) = ^ Uijk[Zij] © niiSi+i © XiruiSi. 
By using the above recursive relation for 1 <i <t — \ we get 

t-l di t-l 

(4) -^i = UijniK[Zij] © XjUj+iSj © ntSf 

i=l j=l j=l 

Now for St we substitute the decomposition obtained in ([2]) 

t-l di t-l / dt 

5'i = UijniK[Zij] © XjUj^iSj © "-t ""tj-f^l^ti] © "T-fSt 
i=l j=i j=i \j=i 

and obtain 

t di t-l 

(5) "S"! = Uijn-iK[Zij] © XjUj+iSj © ntuitSt. 

1=1 j=i j=i 

t-l 

Since J is a critical monomial ideal, Lemma [2.41 implies that / = ® xjUj^iSj (BntmtSt 
and that Si = S. Thus ([5]) yields 

(6) S/I = ^^u,jn,K[Zi,], 

i=i j=i 

where for each i and j we have \Zij\ = n — i>n — t. This implies \Zij\ > n — \G{I)\ as 
t = Hence the desired conclusion follows from Theorem 12.21 □ 

Recall that a numerical function H : N ^ N is the Hilbert function of S/I for some 
graded ideal I C S = K[xi, . . . , if and only if H{0) = 1, H{1) < n and H[d + 1) < 
H{d)<'^> for all d > 1 (See [H Theorem 4.2.10]). 

If / is a non critical monomial ideal we prove the following. 

Proposition 2.6. Let K he an infinite field. Then for any non critical monomial ideal 
Id S = K[xi^ . . . , x„] there exists a Stanley ideal L <Z S such that S/I and S/L have the 
same depths and the same Hilbert function. 

Proof. Let / C S be a non critical monomial ideal and l'*^^ C S is the corresponding 
lexsegment ideal then by [H Corollary 1.3] we have > n. If depth(S'//) = b, then 

there exists a regular sequence (6*1, 02, ... , 9b) of S/I with each deg{9i) = 1. It then follows 
that there exists a homogeneous ideal J of S" = K[xi, . . . , Xn-b] such that the ideal .JS of 
S satisfies Hg/js = Hg/i- 

We now claim that the lexsegment ideal J^''^ C S" of J cannot be universal lexsegment. 
In fact, if J^*^^ is universal lexsegment, then j'^^ remains being lexsegment in the polyno- 
mial ring K[xi, . . . , Xm] for each m > n — b. In particular, the ideal J^'^^S of S is universal 
lexsegment. Since Hgjjg = H^^jic^s = Hs/i^ it follows that l'*^^ = J^^^S, because we 
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have unique lexsegment ideal corresponding to every ideal I C S. Thus / has a universal 
lexsegment ideal which is a contradiction. 

Since the lexsegment ideal J^'^^ of J cannot be universal lexsegment, it follows from [H 
Corollary 1.3,1.4] that depth(57J'<=^) = 0. Thus depth(5/ = b < sdepth5,(57 J^^^)+ 
b = sdepth5(5/j'^^5), by Lemma 3.6]). □ 
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